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Notes
n identical consumers have preferences over private and public consumption.

Each make a voluntary contribution to public consumption, taking as given the contributions of the 

others.

Setup

mrs[private_, public_] :=
u(0,1)[private, public]

u(1,0)[private, public]

public = n * contrib;

NashEquilibrium = mrs[income - contrib, public] ⩵ 1;

StableEquilibrium =

mrs(1,0)
[income - contrib, public] - n mrs(0,1)

[income - contrib, public] > 0;

Publicisnormal = mrs(1,0)
[income - contrib, public] > 0;

Privateisnormal = mrs(0,1)
[income - contrib, public] < 0;



QuasilinearPrivate = mrs(1,0)
[income - contrib, public] ⩵ 0,

u(1,1)
[income - contrib, public] ⩵ 0,

u(0,2)
[income - contrib, public] < 0;

QuasilinearPublic = mrs(0,1)
[income - contrib, public] ⩵ 0,

u(1,1)
[income - contrib, public] ⩵ 0,

u(2,0)
[income - contrib, public] < 0;

SignConditions = n ≥ 1, contrib > 0,

u(1,0)
[income - contrib, public] > 0,

u(0,1)
[income - contrib, public] > 0,

QuasiConcaveFunctionQ[u, {income - contrib, public}, strictly → True];

Logical possibilities for income effects and stability

TheoryGuru[SignConditions[[3 ;; -1]],
Publicisnormal || Privateisnormal || QuasilinearPrivate || QuasilinearPublic]

True

TheoryGuru[{SignConditions[[1]], Publicisnormal, Privateisnormal},
StableEquilibrium]

True

TheoryGuru[{SignConditions,
QuasilinearPrivate || QuasilinearPublic},

StableEquilibrium,
keepall → True]

True

TheoryGuru[{SignConditions,
Not@StableEquilibrium},

Not@Publicisnormal || Not@Privateisnormal,
keepall → True]

True
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Comparative statics for number of participants n

Formulas

TheoryGuru{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,

StableEquilibrium},

Dt[contrib, n] ⩵ contrib mrs(0,1)
[income - contrib, public] 

mrs(1,0)
[income - contrib, public] - n mrs(0,1)

[income - contrib, public] &&

Dt[public, n] ⩵ contrib mrs(1,0)
[income - contrib, public] 

mrs(1,0)
[income - contrib, public] - n mrs(0,1)

[income - contrib, public]

True

Quasilinear special case

TheoryGuru[{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,
QuasilinearPrivate, SignConditions},

Dt[contrib, n] < 0 &&
Dt[public, n] ⩵ 0]

True

The sign of the total-contribution impact is the same sign as income effects on 

public-good demand

TheoryOverlap[{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,
SignConditions, StableEquilibrium},

Publicisnormal,
Dt[public, n] > 0]



∂2uincome-contrib,contrib n

∂income-contrib ∂contrib n
∂uincome-contrib,contrib n

∂income-contrib

- 
∂u(income-contrib,contrib n)

∂contrib n
∂2u(income-contrib,contrib n)

∂(income-contrib)2
 


∂u(income-contrib,contrib n)

∂income-contrib

2
> 0, n ⅆcontrib

ⅆn
+ contrib > 0

are equivalent

TheoryGuru{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,

SignConditions, StableEquilibrium},

SameSignDt[public, n],

mrs(1,0)
[income - contrib, public]

True
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Column[MostRecentAssumption,Spacings→1]

contrib + n Dt[contrib, n] u(0,2)[-contrib + income, contrib n] +

-Dt[contrib, n] + Dt[income, n] u(1,1)[-contrib + income, contrib n] 

u(1,0)[-contrib + income, contrib n] - u(0,1)[-contrib + income, contrib n]

contrib + n Dt[contrib, n] u(1,1)[-contrib + income, contrib n] +

-Dt[contrib, n] + Dt[income, n] u(2,0)[-contrib + income, contrib n] 

u(1,0)[-contrib + income, contrib n]2 ⩵ 0

Dt[income, n] ⩵ 0

n ≥ 1

contrib > 0

u(1,0)[-contrib + income, contrib n] > 0

u(0,1)[-contrib + income, contrib n] > 0

u(1,0)[-contrib + income, contrib n]2 > 0

2 u(0,1)[-contrib + income, contrib n]
u(1,0)[-contrib + income, contrib n] u(1,1)[-contrib + income, contrib n] >

u(0,2)[-contrib + income, contrib n] u(1,0)[-contrib + income, contrib n]2 +
u(0,1)[-contrib + income, contrib n]2 u(2,0)[-contrib + income, contrib n]

u1,1[-contrib+income,contrib n]

u1,0[-contrib+income,contrib n]
-

n 
u0,2[-contrib+income,contrib n]

u1,0[-contrib+income,contrib n]
-

u0,1[-contrib+income,contrib n] u1,1[-contrib+income,contrib n]

u1,0[-contrib+income,contrib n]2
 -

u0,1[-contrib+income,contrib n] u2,0[-contrib+income,contrib n]

u1,0[-contrib+income,contrib n]2
> 0

The sign of the per-capita-contribution impact is the opposite sign as income 

effects on consumption demand

TheoryOverlap[{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,
SignConditions, StableEquilibrium},

Privateisnormal,
Dt[contrib, n] < 0]



∂2uincome-contrib,contrib n

∂contrib n2

∂uincome-contrib,contrib n

∂income-contrib

- 
∂u(income-contrib,contrib n)

∂contrib n
∂2u(income-contrib,contrib n)

∂income-contrib∂contrib n
 


∂u(income-contrib,contrib n)

∂income-contrib

2
< 0, ⅆcontrib

ⅆn
< 0

are equivalent

TheoryGuru{Dt[NashEquilibrium, n], Dt[income, n] ⩵ 0,

SignConditions, StableEquilibrium},

SameSignDt[contrib, n],

mrs(0,1)
[income - contrib, public]

True
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Variable interpretations
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